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Mixing and Spray Formation in Coaxial Jets

Emmanuel Villermaux*
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The � ow regimes and � ne-scale structure of the mixture resulting from the destabilization of a dense,
slow jet by a fast light annular jet are discussed. From the primary shear instability between the streams,
it is shown that the momentum ratio M = of the annular to the inner stream is the key parameter2 2r u /r u2 2 1 1

on which the inner potential core length and the condition of a recirculation transition depend. The
instability analysis shows that the initial wavelength of the disturbances l is proportional to the vorticity
thickness d of the fast stream at the nozzle exit l ; d (r1/r2)

1/2; this further provides, by an original
scenario, an estimate of the droplets’ size formed by the capillary instability of the sheet’s rim formed
from the initial interface disturbances. Liquid viscosity is not expected to play any signi� cant role in
practical conditions in liquid rocket propellant engines. These � ndings are put in relation with a selected
review of known or yet unexplained results on the subject.

I. Introduction

T HERE is a frequent need to realize a uniform mixture
from two initially segregated streams in many practical

instances. A signi� cant example is the case of liquid rocket
propellant engines because the length of the combustion cham-
ber is limited by the ability of the injecting devices to fragment
and mix the reactants down to a suf� cient level of homoge-
neity for evaporation and combustion to completion at the de-
sired distance from the injector outlet.

For technological reasons one of the reactants is usually
available in the liquid state and the other in the gas phase; for
historical reasons the coaxial geometry is commonly used to
merge the two streams.1 The relative � ow rates of the reactants
must be adjusted so that the global stoichiometry is at least
respected, or such that the gas phase is in excess for all of the
liquid to vaporize and burn, this implies that the gas stream is
usually much more rapid than the liquid stream at the injector
outlet. This is the situation encountered in H2/O2 engines,
where a slow, dense liquid oxygen (LOX) stream in the central
jet of the coaxial injector is surrounded by a fast, light, gaseous
hydrogen annular stream.

At the root of the interpenetration process between the two
phases is a strong shear destabilizing the central liquid jet, which
further fragments into a more or less uniform spray. This pro-
cess, which is contrasted with the case of a simple jet issuing
in a quiescent environment,2 is known as airblast atomization.3

The subject matter has been extensively reviewed in the pre-
cise context of atomization and combustion in rocket en-
gines.4,5 In this paper we provide new facts and a renewed,
consistent picture of both the global entrainment rate of the
slow phase by the fast one, but also of the primary droplet
formation mechanism and resulting � ne structure of the mix-
ture. This originates in a detailed investigation of the basic
instability involved and of the relevant ingredients that deter-
mine its growth rate and wavelength; its exposition is dis-
cussed in Sec. II. In Sec. III the different � ow regimes of the
coaxial con� guration are discussed; the inner potential core-
length dependency (or liquid intact length) to the external pa-
rameters and the conditions of the recirculation transition, and
the formation of a wake-type bubble downstream of the inner
jet exit. The � ne structure of the resulting mixture and the
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mechanism of droplet formation are discussed in Sec. IV. The
experimental evidence presented, both in homogeneous � ows
and in liquid-gas con� gurations, leads to the proposal of a
limited number of scenarios for primary droplet formation rel-
evant to practical conditions.

II. Shear Instability Mechanism: Entrainment
Rate and Wavelength

A. Entrainment Rate

Consider Fig. 1.6 The photographs represent the destabili-
zation of a central water jet by a cocurrent annular water
stream. The velocity ratio between the annular jet (subscript
2) and the inner one (subscript 1) is ru = u2/u1 = 3 to 4, which
corresponds to a momentum � ux ratio M = , a key2 2r u /r u2 2 1 1

quantity for the near-� eld geometry of coaxial con� gurations
of about 10. The fact that the � ow does not involve a differ-
ence of phase, thus ruling out the possible role of surface ten-
sion, is of no importance as far as the inner potential core
length and the wavelength determination of the primary shear
instability are concerned.

Before the interfacial instability mechanism is discussed, a
simple qualitative argument is presented that provides the
global entrainment rate from the slow toward the rapid phase.
Let l be the wavelength of the interface corrugation, with
amplitude j (Fig. 1). Because of incompressibility, the velocity
� eld is perturbed on a length scale of the order of l in a
direction perpendicular to the interface. If u2(x) denotes the
fast stream velocity in the vicinity of the interface, mass con-
servation on the fast stream side reads

u (x)l ’ u (x 1 l/2)[l 2 j] (1)2 2

thus expressing the acceleration of the � uid on the crests of
the interface corrugations and deceleration in the hollows. The
conservation of energy along a streamline provides, according
to Bernoulli’s equation in the high-Froude-number limit, the
resulting pressure difference Dp

1 2–Dp = up(x) 2 p(x 1 l/2) u ’ r u (j /l) (2)2 2 2

expressing the self-ampli� ed character of shear instabilities.
The growth rate r = /j of the instability is readily estimatedÇj

by a force/unit length balance in the direction perpendicular
to the interface

2 2r l 3 r j ; Dpl (3)1

mass/length acceleration driving force/length
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Fig. 1 Instantaneous planar cuts of the � ow structure of water –

water coaxial jets. One of the streams is seeded with a � uorescent
dye (adapted from Rehab et al.6): a) central jet is seeded and the
laser light sheet passes through the axis of the jets, ru = 3; b) cut
in the transverse direction one diameter downstream of the injec-
tors outlet, ru = 4; c) outer jet seeded, ru = 4; and d) sketch of the
interface destabilization process.

The time needed for an instability structure of linear scale l
to increase to a size where it is either diluted in the rapid
stream by stretching enhanced diffusion, or removed from the
interface when a break-up mechanism is present (see Sec. IV)
is of the order of 1/r. This time scale is usually the limiting
time step of the entrainment process. The entrainment velocity
ue ’ rl thus writes, when u2 >> u1 and according to Eqs. (2)
and (3)

1/2u ’ rl ; u (r /r ) (4)e 2 2 1

This result is important for two reasons. First, it incorporates
a nontrivial dependency on the density ratio r2/r1 between the
phases. The 1/2 power comes from the square dependency of
the pressure difference Dp on the shear velocity u2, i.e., Dp ;

, and is a common feature of all inertial instabilities whose2r u2 2

destabilizing ingredient is a velocity difference. Second, and
more important, the entrainment velocity derived in Eq. (4)
has a scale invariant form and holds whatever l may be. In
other words, whatever the physical process that � xes the ab-
solute value of the instability length scale l, the entrainment

velocity will always have the form indicated in Eq. (4) as soon
as the destabilizing process is caused by shear. The discussion
concerning the stabilizing ingredients of the instability leading
to its wavelength is completely disconnected from the esti-
mation of the entrainment rate ue.

B. Instability Wavelength

Once the destabilizing role of the shear is recognized, it is
easy to go one step further and formulate a complete instability
problem to consider a pure velocity discontinuity at the inter-
face and to seek a restoring mechanism for the selection of the
mode linked with the physical properties of the � uids, namely
surface tension of the liquid.

This point of view was � rst proposed by Taylor,7 who was,
in fact, mainly looking for the entrainment velocity ue derived
in Eq. (4). Many reformulations have appeared since then in
the context of airblast atomization, high-speed gas-assisted
spray formation, and in this context this representation is usu-
ally admitted to be at the source of droplet formation.4

This approach to the problem could be called the
Kelvin– Helmholtz paradigm, after von Helmholtz,8 who � rst
pointed out the destabilizing role of the velocity discontinuity,
and then Kelvin,9 who performed thorough calculations deriv-
ing the stability curve, including capillary and gravity effects.
Expanding the liquid-gas interfacial disturbances in Fourier
modes as j ; exp(ikx 2 ivt), the dispersion relation, neglect-
ing gravity (high-Froude-number limit), is

2(r 1 r )v/k = r u 1 r u 6 (r 1 r )sk 2 r r (u 2 u )Ï1 2 1 1 2 2 1 2 1 2 2 1

(5)

where s stands for the surface tension of the liquid.10,11 The
relative motion is always destabilizing and the surface tension
stabilizes the interface at small scale for

2r r (u 2 u )1 2 2 1k > k =c
r 1 r s1 2

In the practical limit where r1 >> r2 (liquid-gas) and u2 >>
u1 (strong shear), the maximal growth rate r and its associated
most ampli� ed wavelength are

1/2 3r = (2/3 3)(r /r ) (r u /s) (6a)Ï 2 1 2 2

2l = 3p(s/r u ) (6b)2 2

Note that, as expected from the considerations of Sec. II.A,
the product rl that identi� es the entrainment velocity ue is
found to be proportional to u2(r2/r1)

1/2. The physical ingredi-
ents underlying this result that are derived exactly in this form
by Caré and Ledoux,12 and because of the determinant role
played by surface tension as the stabilizing ingredient, predict
that the wavelength l depends linearly on the value of the
surface tension s, and is a strong decreasing function of the
gas-phase velocity, i.e., . A similar result accounting for the22u2

� nite size of the liquid-injection thickness sandwiched between
two high-speed airstreams was derived by Squire.13 When the
initial sheet thickness is comparable to l given by Eq. (6b),
the instability selects a sinuous mode that confers a wavy pat-
tern to the sheet.

This result is, however, in most laboratory experiments and
for most actual injection conditions inappropriate. The reason
for this is that the only way to produce a shear between two
parallel streams is to accelerate them in distinct channels sep-
arated by a rigid boundary (a splitter plate for mixing layers,
the central tube in coaxial jets etc.), and to make them merge
downstream of the splitter lip. The method implies the for-
mation of boundary layers at the wall of the conveying chan-
nels resulting in the continuity of the velocity pro� le across
the interface separating the two streams at their merging lo-
cation (Fig. 2).
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Fig. 2 Experimental con� gurations and exit conditions: a) co-
axial jet nozzle, D1, D2, u1, and u2 are the diameters and centerline
exit velocities of the inner and outer jets, respectively, D1 = 4 cm,
D2 = 5.5 cm; b) plane air/water mixing layer; c) radial pro� les of
mean velocity (c) and rms values (C) of the velocity � uctuations
in the exit plane of the coaxial jets, ru = 3 (note the vorticity
thickness on the mean velocity pro� le); and d) sketch of the initial
density and velocity pro� les.

In addition to the length scale formed by the ratio of the
surface tension to the inertia of the gas , a new length2s/r u2 2

scale appears, namely the thickness of the boundary layers at
the splitter lip d (Fig. 2d). Extending the Kelvin and Helmholtz
approach, the � rst analysis of this question is from Rayleigh,14

who investigated the stability properties of a piecewise linear
velocity pro� le in a constant density, homogeneous � ow. Let-
ting d be the thickness of the shear layer, and introducing the
dimensionless quantities k = kd and V = v/k(u2 2 u1), the
dispersion relation was found by Rayleigh in the form

2 2ke = [1 2 k(2V 1 1)][1 1 k(2V 2 1)] (7)

The layer is unstable for all wave numbers such that kd <
1.28, and the maximal growth rate, corresponding to kmd ’
0.8 is such that r ’ 0.2(u2 2 u1)/d. The numerical factors are
only slightly sensitive to the detailed shape of the velocity

pro� le (see, e.g., Esch15 and Monkewitz and Huerre16), so that
the piecewise linear pro� le is actually a generic caricature. The
important feature of the dispersion relation is that the layer is
transparent to the shear for wavelengths smaller than about the
initial width d [exactly (2p/1.28)d].

The instability analysis can be performed in the presence of
density differences between the phases (see, e.g., Pouliquen et
al.17 and references therein), possibly incorporating surface
tension18 and has an analytical form in the high-Froude and
Weber-number limit19

(r /r ) 1 11 2
1 1 k (2V 2 1)

222ke = [1 2 k(2V 1 1)] (8)
(r /r ) 2 11 2

1 1 k (2V 2 1)
2

which reduces to Eq. (7) for r1/r2 = 1. The dispersion relation
[Eq. (8)] is obtained when the shear is entirely located in the
rapid, light phase (Fig. 3). One can indeed show that the ve-
locity pro� le that develops in the slow phase by vorticity dif-
fusion and continuity of the stress at the interface does not
affect the instability based on the fast stream characteristics
only. The velocity pro� le induced in the slow phase reaches
an appreciable thickness such that its own instability is no
more damped by viscosity in a time scale that is larger than
the instability development time scale of the initial pro� le
of Fig. 2d, and this occurs even for very large-density ratios
r1/r2.

20

For increasing density ratios, r1/r2, the instability is pro-
gressively damped. It is, however, never suppressed, except
for the in� nite density ratio, a case that amounts to the linear
boundary-layer pro� le over a rigid plate known to be linearly
stable in the inviscid limit.21 The cutoff wave number kc as
well as the most ampli� ed mode km and its associated growth
rate decrease accordingly, leading to a preferred wavelength l
that becomes larger and larger as r1/r2 increases.

According to the general principle outlined in Sec. II.A, the
product of the maximal growth rate r to the selected wave-
length l always remains essentially proportional to u2(r2/r1)

1/2.
The individual evolutions of r and l with r1/r2 can, in turn,

be extracted from Eq. (8) by a special procedure. Noticing that
a change in the density ratio roughly results in a multiplicative
factor on both axes of the dispersion curve as shown on Fig.
3b, one may map the different curves on top of each other by
a linear transformation on V and k involving two multiplica-
tive functions F(r1/r2) and G(r1/r2) of the density ratio as

k = F(r /r )k9 (9a)1 2

V = G(r /r )V9 (9b)1 2

the transformed dimensionless wave number and frequency k9
and V9 being now linked by the dispersion relation of the
homogeneous case [Eq. (7)]. The expansions of Eqs. (7) and
(8) coincide up to the second order in k, provided the functions
F and G have the form

r 5 11F = 2
r 6 6(r /r )2 1 2

2 35 1 13(r /r ) 2 37(r /r ) 1 27(r /r )Ï 1 2 1 2 1 2
1 (10a)

6 2(r /r )Ï 1 2

r 1 1 (r /r )1 1 2G = (10b)
r 2 r /r2 Ï 1 2

Equations (10a) and (10b) thus allow a continuous repre-
sentation of the growth rate

r /r >100.2 u 2 u 1 2 r u2 1 2 2¾ ®r ’ (11a)
F(r /r )G(r /r ) d r d1 2 1 2 1
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Fig. 3 a) Dispersion curves [Eq. (8)] of the inviscid linear insta-
bility of the piecewise linear velocity pro� le of Fig. 2d for increas-
ing density ratio r1/r2 (from Villermaux19); b) same as in part a)
but with log– log scales; and c) maximal ampli� cation rates rd /u2

(C) and cutoff wave numbers kcd (c) vs density ratio r1/r2. The
continuous lines are the � ts from the functions F and G of Eq.
(10).

Fig. 4 Interface destabilization frequency f of the plane, two-
phase shear-layer setup of Fig. 2b vs uc/d for different gas and
liquid velocities. The proportionality [Eq. (13)] extends on more
than one decade (from Raynal et al.23).

and selected wavelength

1/2
r /r >102p r 1 2 2p r1 1¾ ®l = F d d (11b)S D0.8 r 1.5 r2 2

in an approximate, but accurate form. As soon as r1/r2 > 10,
r and l nearly follow a pure power law on the density ratio
(Fig. 3c).

The reason why particular attention is paid to the stability
limits in the presence of a � nite size shear-layer thickness d is
now clear: The shear does not affect the layer for wavelengths
smaller than l given by Eq. (11b); the Kelvin– Helmholtz de-
stabilizing mechanism is thus suppressed in this range of
scales. The mode selected by the instability will thus, even in
the presence of surface tension, be the one predicted by Eq.
(11b) solely as soon as the wavelength [Eq. (11b)] is larger
than the wavelength of the pure Kelvin– Helmholtz mechanism
[Eq. (6b)]. This condition reads

1/2 2d(r /r ) > s/r u (12a)1 2 2 2

that is

1/2We(r /r ) > 1 (12b)1 2

where We = is the Weber number based on the initial2r u d/s2 2

fast-stream, boundary-layer thickness. Equation (12b) is ful-
� lled in the majority of laboratory conditions at atmospheric
pressure, and is reached by far in high-pressure combustion
chambers. The viscosity of the liquid does not play any damp-
ing role on the development of the instability as long as l2/n1

>> l/ue = r2 1, that is, (n2/n1)(u2d/n2) >> 1, a condition that is
ful� lled in most circumstances.

The fact that the scale of the primary instability is deter-
mined by the exit conditions of the velocity pro� le is obvious
from one-phase experiments as shown in Fig. 1, and has been
established by Rehab et al.22

This result was further demonstrated in the two-phase, liq-
uid-gas plane shear-layer con� guration of Fig. 2 by Raynal et
al.23 (also see Lasheras et al.24). These authors were able to
show that the interface destabilization frequency measured
downstream from the splitter plate in the region of the primary
instability development indeed scales as the group velocity uc

= ­/­k(Re[v(k)]), divided by the vorticity thickness d of the
gas-phase velocity pro� le at the splitter lip [the instability
wavelength l is proportional to d, see Eq. (11b)]

1/2f = (u /l) ; (u /d)(r /r ) (13)c c 2 1

Comparison of the measured frequency with the present lin-
ear stability analysis was found to be in good numerical agree-
ment, consistent with the generic character of the piecewise
linear pro� le for shear instabilities (Fig. 4). Raynal et al.23 were
also able to directly measure the group velocity uc in their
experiment. In the high-momentum-ratio M limit, uc is essen-
tially proportional to the high-speed gas velocity with a pre-
factor involving the square root of the density ratio as for
entrainment velocity. The group velocity can be precisely com-
puted from Eq. (8) and is consistent with a useful, a priori
estimate grounded on momentum transfer arguments25

1/2
M>>1r u 1 r u rÏ Ï1 1 2 2 2¾ ®u ’ u (14)c 2 S Drr 1 r 1Ï Ï1 2

Note that the dependencies of uc on r1 and r2 are here sub-
stantially different from the ones derived from the pure Kelvin-
Helmholtz mechanism [Eq. (5)] for which uc = (r1u1 1 r2u2)/
(r1 1 r2).

This is, together with the fact that the interface destabiliza-
tion frequency was observed to be unaffected by varying sur-
face tension and viscosity of the liquid, another proof that the
Kelvin– Helmholtz mechanism is not involved in the primary
instability.
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III. Flow Regimes: Potential Core Length
and Recirculation Transition

A. Inner Potential Core Length

It is important to know at what distance from the injector
outlet the central jet has been completely entrained by the in-
ertial annular jet. By ‘‘entrained’’ we mean either mixed and
diluted in the fast stream at the molecular level, or converted
into disjointed and dispersed droplets. In the latter case this
distance is usually referred to as the ‘‘liquid intact length’’ or
‘‘breakup length.’’ More generally, one might be interested in
characterizing the whole concentration, or probability of pres-
ence � eld of the central slow phase at each location down-
stream of the injector outlet. Before this last issue is discussed
we examine a simple argument to understand how the inner
potential core length depends on the external parameters, i.e.,
u1, u2, r1, and r2.

The concept of entrainment velocity meets an interest when
the local conversion processes occur at a scale smaller than
the global extent of the surface at which the entrainment takes
place. This condition is realized here because the instability
wavelength l is usually smaller than the inner potential core
length itself (albeit not drastically smaller, see Rehab et al.22).
One might thus use with some con� dence the entrainment ve-
locity [Eq. (4)] as a representative mean value along the en-
trainment surface to estimate its length. The last supplementary
ingredient to achieve this goal is mass conservation, expressing
that the net � ow rate injected in the central jet has to cross the
entrainment interface at the ue rate. This approach was already
used by Taylor7 and has been commonly adopted since then
in the context of airblast atomization.12 Its use has also been
successful to estimate the shape and extent of laminar diffusion
� ames26 and turbulent diffusion � ames.27

The mass balance for the inner entrained stream is written
(Fig. 2)

2 1/2

p p D12 2D u = D 1 L u (15)1 1 1 eFS D G4 2 2

inlet flux entrainment surface rate

if the mean surface is assumed to be a cone, and L is its height,
and if ue is constant up to L, i.e., (D2 2 D1)/D1 is suf� ciently
important.28 The length L here is the inner potential core
length. As long as L >> D1/2, one expects

L /D ’ u /u (16)1 1 e

The potential core length is in direct proportion to the inlet
velocity u1 (the more to be entrained, the longer it takes to
complete it), and inversely proportional to the ef� ciency of the
conversion rate ue. According to the general form taken by ue

[see Eq. (4)], L is thus found to scale as

1/2 2 1/2(L/D ) ; (u /u )(r /r ) ; M (17)1 1 2 1 2

This scaling dependency was not, surprisingly, because of the
universal form [Eq. (4)], derived by Caré and Ledoux,12 and
for a somewhat different application by Taylor7 on the basis
of a Kelvin– Helmholtz description of the primary instability.
But the possible success of Eq. (17) in predicting L (it will
show later that it actually succeeds), cannot be, as emphasized
in Sec. II, considered as proof that the microscopic model of
instability is well founded.

There is, however, a global mean quantity characterizing the
spray-formation process that easily measurable is sensitive to
the microscopic physics, namely the initial spray angle. Its tan-
gent is given by the ratio of the entrainment velocity ue to the
group velocity of the unstable structures at the interface uc =
­/­k(Re[v(k)])

tan u ; u /u (18)e c

In the reference frame of the liquid-gas interface, the spray
angle is found to be proportional to the square root of the
momentum ratio = u2/u1(r2/r1)

1/2, when the group veloc-MÏ
ity is essentially given by u1, as for the pure Kelvin– Helmholtz
mechanism [see Eq. (5) Refs. 12 and 29]. On the other hand,
the spray angle with respect to the interface is constant, of the
order of 45 deg in the boundary-layer-dominated regime for
which uc ; u2(r2/r1)

1/2 ; ue [see Eq. (14)]. In this latter case,
the opening angle of the spray is thus expected to decrease in
the reference frame of the laboratory when M is increased,30

and this is because of the shortening of L. In this � xed frame
it is readily shown that the angle is expected to depend on M
as (p/4) 2 arctan(M 1/2/6).

The one-phase experiments (water– water jets) speci� cally
established the structure of Eq. (17), extending its validity to
the whole concentration � eld of the entrained phase.6,22 These
authors � rst showed that the prefactor in Eq. (17) is related to
the proportionality coef� cient between the entrainment veloc-
ity and the rms velocity u9 in the outer turbulent mixing layer,
u9 ’ au2, a ’ 0.17,31– 33 and, to a minor extent, to the shape
of the velocity pro� le of the central stream and pre-existing
turbulence in the conveying tubes.34 The potential core length
was thus found to be

1/2L /D = A/M , with A = 6 – 8 (19)1

For coaxial injectors operating in practical conditions (M ’
10), L is the order of a few i.d. D1 units if the effects of the
combustion heat release on the gas density are disregarded at
this point. Very low-momentum ratios (M < 1) cause the inner
jet to destabilize very slowly in a nearly passive environment,
and in that case L /D1 can be very large.35,36 Extrapolating the
preceding reasoning to the limit M ® 0 for an ambient me-
dium at rest, the relevant shear velocity becomes u1 and Eq.
(19) becomes L/D1 ’ A(r1/r2)

1/2, giving a liquid core the order
of thousands of injection diameter D1 for a water jet discharg-
ing in air at atmospheric pressure.2,37,38,63

Using planar cuts containing the axis of the jets and a quan-
titative laser-induced � uorescence technique, Rehab et al.6 ex-
tracted the whole, two-dimensional concentration � eld (or
probability of presence � eld) of a dye injected in the central
jet (Fig. 5). Note that in homogeneous � elds, the square root
of the momentum ratio amounts to the velocity ratio ru = u2/u1.

Figure 6a represents the mean concentration distributions C
along the jet axis normalized by the initial mean concentration
C0 at the inner nozzle exit extracted from averaged images as
in Fig. 5. It is observed that the mean normalized concentration
is constant along the inner unmixed region and then decreases
in the mixing zone where the two streams meet on the axis.
The unmixed zone corresponds to the inner potential core. The
dilution length Ls is the distance from the outlet to reach a
given dilution level Cs /C0 on the axis. Figure 6c represents the
evolutions of Ls as a function of the velocity ratio ru for three
values of the dilution level Cs /C0 = 1, 0.9, and 0.5. Ls follows
a law similar to Eq. (19), i.e., Ls/D1 = As/ru, independently of
the dilution level, the constant As being an increasing function
of Cs/C0. It is found that Ls/D1 = 12/ru for Cs/C0 = 0.5, whereas
for Cs /C0 = 1, Ls/D1 = 6/ru. Also in Fig. 6 are the results of
the inner potential cone length obtained from velocity � eld
measurements in the same experiments.22 These coincide with
the dilution length corresponding to Cs/C0 = 0.9.

Consistent with the fact that the dilution lengths are in-
versely proportional to ru, whatever Cs/C0 may be, the mean
concentration pro� les of Fig. 6a display a perfect superposi-
tion when the downstream coordinate is rescaled according to
(x/D1)ru, thus con� rming the importance of the velocity ratio
ru = as the key parameter (see Fig. 6b and Ref. 39). TheMÏ
dilution length evolution laws again re� ect mass conservation.
Showing that any isoconcentration surface is crossed by the
inlet dye � ux, one sees that Ls /D1 ’ (C0/Cs)(8/ru) is in agree-
ment with Fig. 6c. At large distances x/D1 from the end of
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Fig. 5 Averaged concentration � elds of a dye injected in the cen-
tral jet for ru = 3 (M = 9). The white contours correspond to the
dilution levels Cs/C0 = 0.5 and 0.9.

Fig. 6 a) Mean concentration evolutions along the axis (adapted
from Rehab et al.6) C, ru = 2; N, ru = 3; c, ru = 4. b) Collapse of
the mean concentration pro� les of part a) by the scaled space
variable (x/D1)ru. c) Dependence of the dilution lengths Ls on the
velocity ratio ru. c, Cs/C0 = 1; 3, Cs/C0 = 0.9; N, Cs/C0 = 0.5; C,
determined from the velocity � eld.

the potential core, the normalized concentration decays as
(x/D1)

2 1, as dictated by the global mass conservation in the far
� eld of a round jet.

This far-� eld spatial dependency is also recovered by Car-
reau et al.,40 using a � ber-optics probe to measure the liquid
fraction on temporal traces of punctual measurements in a two-
phase experiment. In this interesting investigation, performed
on the MASCOTTE test facility at ONERA, these authors var-
ied the intrinsic density of the gas by a factor of 10 (from
helium to argon) at atmospheric pressure. Keeping the mo-
mentum ratio M about 6.6 and the velocity of the liquid u1

constant, they observed a systematic shortening of the liquid
fraction � elds as r2/r1 was increased, inducing an apparent,
intrinsic effect of the density ratio on the breakup length at
� xed M.

The liquid fraction or probability of presence of the liquid
is estimated in the experiments of Carreau et al. from the num-
ber and length of the intercepts of the tip of the probe with
the liquid packets detected by a double threshold level tech-
nique. As emphasized by Cartellier,41 this technique has to be
used with caution because due to the unavoidable limited spa-
tial resolution of the probe, it leads to an underestimation of
the presence of liquid by discarding the small, but numerous
droplets. As shown in Sec. IV the typical droplet size resulting
from the primary instability is expected to get increasingly
smaller as r2/r1 is increased for � xed M and u1. When the
liquid fraction is computed from a droplet-detection technique,
it thus results in an underestimation bias that is increasingly
pronounced as the droplet size gets smaller compared to the
detection scale limit of the probe. This might possibly explain
the systematic bending of the liquid-fraction pro� les in the
experiments of Carreau et al.,40 which, symmetrically, can be
interpreted as an interesting, though indirect, striking proof that
the droplet size of the primary breakup is actually a decreasing
function of r2/r1, for � xed momentum ratio (Sec. IV).

Correlations for the breakup length in two-phase conditions
usually involve an aerodynamic Weber number and the liquid-
phase Reynolds number.3,42,43 These parameters are, in fact,
introduced to make the gas and liquid velocities nondimen-
sional in experiments where neither the surface tension, nor
the viscosity of the liquid have been varied.44 Reinterpreted in
terms of momentum ratio M, these correlations present grosso
modo a good agreement with Eq. (19), in absolute values and
in law.38,45 The independence of L on surface tension and liquid
viscosity has been checked in the plane mixing-layer con� g-
uration of Fig. 2b.

The apparent dependency on M is found43,46 to be somewhat
weaker than for homogeneous conditions and it seems to in-
volve a dependency closer to M 2 0.33. It is not perfectly clear
whether the momentum ratio should be the only scaling pa-
rameter in that case. In this discrepancy there is an interesting
question that may be indicative of when the mass ratio

2r u D1 1 1
m = 2 2r u D 2 D2 2 2 1

is not negligibly small as it is for a large density ratio r1/r2;
it might come into play in the scaling relations, as suggested
in Lasheras et al.24 It could also be that the wavelength of
the primary instability l ; d(r1/r2)

1/2 becomes of the

same order of magnitude as L for a large-density ratio. In that
case the entrainment velocity ue cannot any longer be consid-
ered as constant along the whole entrainment length. The
initiation distance of the entrainment corresponds to about
one wavelength downstream of the injector outlet, so that writ-
ing

ue`u ’e
1 1 a(l/L)

where ; u2(r2/r1)
1/2, the liquid intact length is found toue`

scale as L/D1 ’ 6/M 1/2 1 al/D1 to leading order in l/D1, with
a ’ 1/4.
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Fig. 8 Distribution of intensity of segregation 2 C )2I = C 9 /C(C0

along the jet’s axis for ru = 15. C9 stands for the local rms � uc-
tuation of concentration, and C is the local mean concentration.
The arrows indicate the width of the recirculation zone (from Re-
hab et al.6).

Fig. 7 Flow pattern beyond the recirculation transition, ru = 15
(M = 225): a) instantaneous view and b) averaged concentration
� eld.

B. Recirculation Transition

The entrainment process is accompanied by a depression in
the entrainment region of the order of DP ; [see2r u2 2

Eq. (2)]. As long as the incident kinetic pressure of the central
jet is high enough to overcome DP, the � ow regime2r u1 1

is characterized by an inner potential cone peeled off by
turbulent mixing layers as described in Sec. III.A. However,
when the entrainment is so intense that DP is larger than the
incident kinetic pressure, a transition to a recirculating regime
occurs, where the central potential cone is truncated by a re-
verse � ow directed from the outer jet to the inner one, leaving
in its place a wake-like, recirculation bubble.22,28 The critical
momentum ratio Mc at which this transition occurs is obtained
by equating DP with , remembering that u9 ’ au2 and a2r u1 1

= 0.17

2 2 2a r u = r u (20a)2 2 1 1

that is

2M ’ (1/a ) ’ 35 (20b)c

An extension of this result to a centrifugal force has been
proposed by Hop� nger and Lasheras.47 Above the critical mo-
mentum ratio [Eq. (20)], the size of the recirculation bubble
gradually increases, reaching a size of the order of D1 when
M ® `.

A common feature of unstable, recirculating � ows is their
ability to sustain oscillations. Villermaux et al.28 and Rehab et
al.22 precisely documented the low-frequency, precessing mode
that is distinct from the jet-preferred mode that appears for M
> Mc, and they explained how the low frequency is the result
of the slow recirculation motion.

The recirculating regime also presents the capability of
an ef� cient and precocious mixing between the streams in
the vicinity of the injectors outlet (Fig. 7). A high-Schmidt-
number (ratio of the vorticity to the mass diffusivities)
dye injected in the outer jet exhibits an intensity of segregation
in the bubble about 10 times smaller than at its frontiers.6 The
reason is that in this regime, the residence time of the
outer stream, incorporated in the bubble is of the order of the
mixing time D1/u9; D1 being an order of magnitude of the
recirculation bubble size, and u9 the rms velocity of the turbulent
mixing layers. This residence time is much longer than the tran-

sit time D1/u2 on the same distance; therefore leading an ef� -
cient homogenization in this recirculation region (Fig. 8).

Actual rocket engines usually operate at a momentum ratio
of the order of 10, smaller than critical. Increasing M to critical
or supercritical momentum ratio could probably yield short-
ened combustion chambers.

IV. Fine Structure of the Mixture
and Spray Formation

This paper does not imply that surface tension plays no role
in atomization, the converse is obviously true. Once unstable
structures have been produced at the interface by the primary
shear instability, their fate is to be further stretched and elon-
gated by the high-speed stream, possibly to undergo secondary
instabilities before being, in one phase � ows, mixed at a mo-
lecular scale (see, e.g., Fig. 1). The initial wavelength of the
instability is independent of capillary effects, but surface ten-
sion, when it exists, opposes the scale-reduction process by
stretching to ultimately involve a capillary instability that � xes
the primary droplet size.

In this section a possible route to droplet formation is dis-
cussed, where the initial scale of the disturbances l given by
Eq. (11b) happens to play a crucial role.

A. Rim Recession and Capillary Instability

Surface tension mainly plays a stabilizing role in nature. It
stabilizes shear as in the Kelvin– Helmholtz scheme, but also
an interface subjected to a gravitational destabilization as in
the Rayleigh– Taylor problem. The only situation where sur-
face tension is the source of the instability is when a liquid
lump has an initial shape close to a long cylinder, as for a jet.
In that case, following an argument from Plateau,48 a modu-
lation of the radius of the jet along the axis causes its surface
to decrease (at a constant volume) and, therefore, its surface
energy, thus favoring the perturbed state for all wavelengths
longer than the perimeter of the jet. The full instability problem
including the dynamics was solved by Rayleigh.49 The effect
is opposite when the liquid initially has the shape of a � at
sheet, because any modulation of its thickness causes its sur-
face energy to increase. For droplets to form from an initially
compact liquid volume, the liquid must thus conform into a
cylindrical shape, even transitorily.

The paradox is that shear instabilities, producing two-di-
mensional rolling-up billows tend to form sheets instead of jets
or � ngers, even when the streamwise instabilities (Figs. 1a and
1b) have developed. But these are bounded sheets, with an
ending rim, whose dynamics solves the paradox (Fig. 9). The
phenomenon is particularly well illustrated by the splashing
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Fig. 9 Sketch of the rim destabilization and droplet formation
process: a) thinning of the liquid sheet of initial transverse size of
the order of l and rim recession; b) capillary, Rayleigh-type de-
stabilization of the rim; and c) formation of � ngers with a spacing
given by the capillary instability wavelength and drop formation
by the Rayleigh capillary instability of the � ngers.

experiments of Worthington50 (see also Yarin and Weiss51), and
by the pictures of spray production from � at sheets of Dor-
man52 and Taylor,53 and the three-dimensional simulations of
Zaleski et al.54 performed in the precise context of shear in-
stabilities and which, in addition, point out the important role
of the spanwise perturbations on the earliness of drop breakup
by � nger formation.

Let e be the thickness of the liquid sheet at a given instant
of time. Because of the Laplace– Young force that is inversely
proportional to the radius of curvature of the rim (’e/2), the
rim tends to recess, and it is easily shown that it does so at a
constant velocity v such that53

1/2v = (2s/r e) (21)1

Then the rim, agglomerating liquid during its recession, pro-
gressively takes the shape of a cylinder attached to the liquid
sheet that feeds it, and whose radius R ; (evt)1/2 increases in
time.

Now, according to the inviscid Plateau– Rayleigh result, the
cylinder is unstable to a capillary instability, with a maximal
growth rate equal to

3 1/2r = 0.34(s/r R ) (22a)cap 1

corresponding to a wavelength 2p/km such that

k R ’ 0.69 (22b)m

The radius is itself a function of time, and one can show
that as soon as

1 dR
< r (23)capR dt

the capillary instability sets in, with a wavelength [Eq. (22b)]
based on the current value of the rim radius R. From the instant
of formation of the sheet at thickness e, the time needed to
accomplish the condition [Eq. (23)] scales as t* ; e/v, pro-
viding, via the Rayleigh instability, a droplet radius propor-
tional to e

R(t ) ; e (24)*

A possible bag-type breakup that is associated with the for-
mation of a very thin sheet whose disintegration is caused by
Van der Waals forces, has not been considered here. This phe-
nomenon produces very small droplets,55 carrying a small frac-
tion of the initial liquid volume.

B. Stretching-Assisted Sheet Formation and Droplet Size

The initial quasi-two-dimensional interface disturbances, of
typical size l ; d(r1/r2)

1/2, are further stretched in the high-
speed gas stream, increasing in length and decreasing in thick-
ness. The question is now to determine how e is related to l
and to the relevant stretching rate. This is not an obvious ques-
tion. There are, a priori, two velocity scales in the problem,

namely u2 and ue ; u2(r2/r1)
1/2, which might differ apprecia-

bly. It is readily shown that the time t needed to accelerate a
liquid lump of size l to the high-speed velocity is larger than
its formation time r2 1, i.e., rt ’ 1/CD(r1/r2)

1/2, where CD ’ 1
and, as can be seen from Eq. (25), larger than the breakup time
t*, i.e., rt* ’ We1/5(r1/r2)

1/10. One can thus assume that the
disturbances keep their initial peeling-off velocity ue while
they are stretched from the interface, and that the rate of stretch
amounts to ue/l = r = (u2/d)(r2/r1). The current transverse
thickness decays as e(t) ; l/rt, and from t* ; e/v and v ;
(s /r1e)1/2 one derives the thickness of the sheet e(t*) at the
breakup time

l l
e(t ) ; = (25a)2/5* rt (rt )0*

with

l
t = (25b)0 1/2(s/r l)1

Note that e(t*)/l ; We21/5(r1/r2)
2 1/10; the thickness of the sheet

is actually smaller than the initial wavelength l.
The droplet radius is therefore expected to scale as [Eq.

(24)]

22/5
R u le

; (26a)F G1/2l l (s /r l)1

that is

2/5
R r12 1/5; We (26b)S Dd r2

with d being the thickness of the fast-stream-velocity pro� le
at the location of droplet formation. The preceding relation
constitutes the central result of this section and incorporates
several predictions that deserve a separate discussion.

1. Effect of Linear Scale on Drop Size

Up to now d has been conserved as the characteristic thick-
ness of the fast-side-velocity pro� le along the whole entrain-
ment distance L. This is obviously an oversimpli� cation be-
cause the thickness of the gas layer clearly increases as the
instability develops (see, e.g., Fig. 1). This caricature does not
affect the estimation of the entrainment velocity at all because
as shown in Sec. II.A ue is a scale invariant quantity: A slight
renormalization of the wavelength l to the increased thick-
ness of the gas layer does not therefore affect the entrainment
rate.

Let D(x) be the current gas-layer thickness at distance x from
the injector’s outlet: D(0) = d and we will need to compute
D(L). At very large distances x, when the shear layer has had
time enough to reach the fully developed mixing layer regime,
D(x)33 follows a linear dependency on x. This is readily justi-
� ed by making use of a turbulent diffusivity nt ; u9D(x), with
u9 being the rms velocity in the layer. Then, with D(x) ;

, one arrives at D(x) ; (u9/u2)x.n x/ut 2Ï
At intermediate distances, however, because of the slow en-

trainment process (increasingly slow as r1/r2 is larger), one
might expect the relevant diffusivity nt to depend on the size
and velocity of the structures mediating the entrainment, i.e.,
nt ; uel ; u2d; then, from D(x) ; , one getsn x /ut 2Ï

1/2D(x) ; (dx) (27a)

that is

1/2 21/4D(L) ; (dD ) M (27b)1
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The size of the liquid lumps peeled off from the interface
gets larger as one approaches the end of the inner potential
core, the thickness D(L) being appreciably larger than d. This
is clearly apparent in Fig. 1. A similar observation, consistent
with the scaling law [Eq. (27a)] has been made by Wu et al.56

Together with the general form of the droplet size [Eq.
(26b)], where d has been replaced by D(L) given by Eq. (27b),
one � nds

2/52/5(dD ) r1 1
R ; (28)S D2 1/5 1/5(r u /s) M r2 2 2

Before discussing other scaling dependencies, let us � rst
comment on the drop-size R dependency on the linear scales
d and D1. Equation (28) suggests R ; (dD1)

2/5. In this result
there is an interesting consistency with yet unexplained results,
where on different setups a relation of the form SMD ; (initial
thickness of the liquid)0.38–0.4 has been repeatedly found.3,57,58

The SMD (Sauter mean diameter) is a weighted average of the
full probability density function (PDF) of the droplet sizes that
privileges the large excursion wing of the PDF. This corre-
sponds to the biggest droplets formed near the end of the po-
tential core so that Eq. (27b) is actually the appropriate esti-
mate to compute Eq. (28). We thus claim that the apparent
exponent 0.38– 0.4 indeed means 2/5, and we also note that
this dependency should also hold when the initial shear layer
gas thickness d is varied.

2. Effect of the Gas Density at Fixed Momentum Ratio
on Drop Size

It is not possible, for a given inlet � ow rate of liquid, to
independently set the liquid intact length L and the droplet size
R. Consider, for example, an experiment, as those of Carreau
et al.,40 where the liquid velocity u1 and M are maintained
constant when the density of the gas r2, i.e., the nature of the
gas or the pressure in the combustion chamber, is varied. In
that particular situation, the liquid intact length is essentially
constant (see Sec. III.A) and because u1 is constant, is2r u2 2

constant as well. The droplet size scales according to Eq. (28),
as R ; . If the exit conditions in the gas phase are2/5 2 2/5d r2

laminar d ; (D2 2 D1)Re2 1/2 ; (r2u2)
2 1/2, one has R ;

. If the exit conditions are turbulent, d identi� es to the2 3/10r2

viscous sublayer thickness of the turbulent gas boundary layer
at the periphery of the inner tube n2/u2 ; (r2u2)

2 1 and, thus,
R ; . In both cases, the typical drop size decreases when23/5r2

r2 is increased, meaning that the whole PDF of droplet is
shifted toward the small sizes. This fact, as mentioned in Sec.
III.A, might explain the apparent anomalous decrease of the
liquid fraction by increasing r2 when a spurious cutoff is in-
troduced on the PDF integration by the probe resolution.
Lengths of constant liquid fraction, i.e., 0.5, were found to
decrease as (r2/r1)

2 0.32 at � xed M by Carreau et al.40 in ex-
periments using a 90-mm-thick � ber-optics probe (see Sec.
III.A). The SMD, measured independently by an optical, non-
intrusive, resolvant method (PDPA) were found to be of the
order of 75 to 40 mm.

3. Gas Velocity Dependency of Drop Size

Again from Eq. (28), the dependency of the droplet size R
on the gas velocity u2 can be derived, with the remaining con-
trol variables (u1, r1, r2) constantly maintained.

For laminar-exit conditions at the gas-tube outlet [d ; (D2

2 D1)Re21/2 ; , one � nds that R ; . For turbulent2 1/2 21u ] u2 2

exit conditions (d ; n2/u2), one gets R ; . It is interesting26/5u2

to note that this scaling dependency is exactly the same as the
one derived by Kolmogorov59 for the droplet equilibrium di-
ameter in a fully developed turbulent � ow (see Faeth et al.2).
It is, however, derived here from an absolutely nonturbulent
scenario, invoking neither any cascade process, nor any pre-
existing hierarchy of scales in the � ow, but solely primary
shear and capillary instability arguments.

C. Role of the Liquid Viscosity

The scenario of drop formation leading to the drop size [Eq.
(28)] assumes that the initial transverse size of the liquid sheet
is essentially given by the primary shear instability wavelength
l, and we have described how stretching induced thinning of
the sheet leads to drop breakup.

One might think about a completely different mechanism
for the initial formation of the sheet. As the liquid surface gets
corrugated by the development of the instability, the gas � ow
separates downstream of the crests, isolating a low velocity,
recirculating pocket in the manner of the separated bubble
downstream of a backward-facing step.60 In the reference
frame of the interface disturbances [which propagate at a ve-
locity uc, see Eq. (14)], the liquid interface is thus progres-
sively reaccelerated from a separated region to the next inter-
face crest, at a downstream distance l apart. One readily shows
that the interfacial velocity ui of the liquid at the crests writes
approximately ui ; , where v0 = (h2/h1)(u2/d), byv n l/u0 1 iÏ
continuity of the stress at the interface. The thickness of the
vorticity layer in the liquid is then d1 ; . This viscousn l/uÏ 1 i

layer will be peeled off from the interface if the viscous stress
1h1(ui/d1) exceeds the Laplace– Young recessing constraints/d1,
that is to say if

Ca = h u /s >> 1 (29)1 i

With the preceding estimate for the interfacial velocity ui ;
u2Re21/3(n2/n1)

1/3(r2/r1)
1/2 << u2, it is seen that the capillary

number Ca ; (We/Re4/3)(n1/n2)
2/3(r1/r2)

1/2 is, in practical con-
ditions and because of its Reynolds-number dependency,
smaller than unity. This scenario, somewhat related to a mech-
anism proposed by Taylor61 and Wu et al.56 in a different con-
text, will most likely not occur.

We must emphasize that the droplet size relations derived in
this section are to be understood as mean, typical estimates,
representative of the relevant physical quantities and scaling
relations. A salient feature of airblast atomization processes is
their property to produce broad PDFs of droplet sizes, with a
nonvanishing small proportion of big lumps that remain in the
spray (and may even cross the � ame front, see Gicquel et al.62).
The secondary breakup mechanisms and the role played by the
far-� eld gas jet turbulence in that case have also not been
discussed (see, e.g., Lasheras et al.24). The understanding of
the full shape of the PDF if different physical processes happen
to cooperate to its global form would be welcome.

V. Summary and Conclusions
The point of view demonstrated in this paper is that the

global entrainment rate from the inner, slow dense jet to the
outer, annular fast light stream, and also the primary drop for-
mation in liquid-gas coaxial jets can be understood on the basis
of the primary shear instability between the phases. It is shown
that the shape of the velocity pro� le at the outer injector lip,
and precisely its vorticity thickness d is of primary importance
to set the growth rate r ; (u2/d)(r2/r1) of the instability and
its preferred wavelength l ; d(r1/r2)

1/2, where r1/r2 is the
ratio of the dense to the light phase densities. The scale in-
variant entrainment velocity ue ’ rl ; u2(r2/r1)

1/2 gives rise,
via mass conservation, to an inner potential core length (liquid
intact length) L of the form

1/2L /D = 6/M1

where D1 is the i.d. and M = is the momentum ratio2 2r u /r u2 2 1 1

between the phases. L is independent of liquid viscosity and
surface tension. For M > Mc ’ 35, a transition to a recircu-
lation � ow occurs, whose ef� cient mixing properties are quan-
ti� ed.

When the inner jet is liquid, we have suggested that the
primary drop size R results from the capillary instability of the
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rim at the edge of the sheets formed from the initial shear
instability disturbances and stretched in the fast gas stream.
Accounting for the thinning rate of the liquid sheet in the de-
scription of the breakup process of the rim, it was further an-
ticipated that the drop radius scales as

2/52/5R (D /d) r1 1
; S D1/5 1/5d We M r2

if We = is the Weber number based on the initial gas2r u d/s2 2

vorticity thickness d. According to this scenario, the liquid
viscosity is not expected to participate in the determination of
the drop size in most practical conditions, including those pre-
vailing in rocket engines.

The discussion has been supplemented with several experi-
mental facts, both in one- and two-phase � ows, and the con-
nection with known results in the � eld of airblast atomization
has been made.
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